Let I be a countable set in the discrete topology, with one-point compactification I U 4. Let In be a sequence of finite subsets of I which swell to I. Let (RJ,FP) be a probability triple, and X an I U { }4 -valued jointly measurable process on (9,5). Let n(t)= Lebesgue {s: 0 < s < t and X(s) eIn,, 
Let I be a countable set in the discrete topology, with one-point compactification I U 4. Let In be a sequence of finite subsets of I which swell to I. Let (RJ,FP) be a probability triple, and X an I U { }4 -valued jointly measurable process on (9, 5) . Let n(t)= Lebesgue {s: 0 < s < t and X(s) eIn,, Remarks: Equation (3) is to hold for all n and t, after deleting a null set of W's. "Smooth" means that after deleting a null set, (5a) and (5b) hold.
For all t > 0, as s decreases to t, X(s) -sp if X(t) = p; while X(s) has precisely one limiting value in I, namely X(t), if X(t) $ sp.
(5a) For all j E I, if { t: X(t) = j} meets an open interval, it does so in a set of positive Lebesgue measure.
(5b) COROLLARY. If (4) holds and X is chosen as in the theorem, then:2 Pn(t~jxk) -o P(tnj,k) uniformly in t < T Pn'(OvJ~k) ---Pt(Ojyk);
Xn(t) --X(t) in probability.
Proof: The "only if" part is easy. For the "if" part, assume (4). By deleting a null set, suppose r(t) < co everywhere for all t. Now argue that there is a unique I U p-valued jointly measurable process X on (2,5) which has smooth sample functions, in the sense of (5a) and (5b), and satisfies (3) and (6): For all w, for Lebesgue almost all t, X(tc) E I.
(6) Next, see that limt bot-1r(t) = 1 A.e. (7) Indeed, by Fubini and the metric density theorem applied to { t: X(t) = i, limt'oh[T(s + t) -(s)] = 1 a.e. for Lebesgue almost all s. By strong Markov on X., the distribution of r(s + t) -T(s): t > 0 does not depend on s. (Actually, T has stationary independent movements.) Let P(t,i,j) = G)J X(t) = j}. It is not yet clear that P is a semigroup. Using (7) and dominated convergence, argue that limt-+otI'f P(sii)ds = 1. VOL. 60, 1968 447 (8) As is easily verified, if j E In, AoPn(sji~j)ds > f'P(s,i~j)ds.
(9) From (8) , (9), and reference 1, limn.toPn(tii) = 1 uniformly in n. (10) Use (6) This effectively interchanges i with k. From generalized (10), Arzela-Ascoli, and the diagonal argument, passing to a subsequence if necessary, one can assume Pn(tkj) -* P(t,k,j) uniformly in t < T.
(13) It is not yet clear that P = P or that P is a semigroup. By generalized (12) and (9), the set of t such that 2jdP(t,k,j) = 1 for all k C I (14)
has full Lebesgue measure. Since P(t + skj) 2 2;hdP(tkh)P(shj) (15) by (13) 
